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Asymptotic Behavior of Energy Band Associated
with a Negative Energy Level
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The mathematical foundation of the tight binding approximation is given. If A,
is a negative energy level of a real potential ¢, then there exists an energy band
for a one-dimensional chain with period 27 of the same atoms which lies near
Ag. We study this band when T tends to infinity.
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INTRODUCTION

I discuss the energy band in a one-dimensional chain of identical atoms
with well-localized atomic states. This problem is usually studied in
the framework of the tight binding method™*: a Bloch function is
approximated by a linear combination of atomic orbitals (LCAO method),
and with the help of this Bloch function the corresponding energy band can
be calculated. The tight binding method is expected to give reliable results
only for bands generated by well-localized atomic states. The main
criticism of the method lies in the difficulty of testing its convergence. On
the other hand, if the states are not well-localized, the energy band equa-
tion is quite difficult to evaluate due to the presence of three-center
integrals. A common, but not always valid, approximation is to neglect
these integrals altogether (two-center approximation). If the two-center
approximation is adopted, then for a one-dimensional chain one can get
the band formula [see Eq.(2.3)]. In Eq.(2.3) the integral shows the
“crystal field integral” and the next term coincides with the “interaction
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666 Oleinik

integral” (ref. 3, p. 104). The parameter ¢ in Eq. (2.3) can be writen as
2 cos 2Tm, where m is a Bloch wave number or a quasimomentum. In this
paper I give the mathematical foundation of Eq. (2.3) if a potential function
satisfies Eq. (1.2). It should be noted that Eq. (2.3) is not true in the general
case (ref. 3, pp. 107-108).

1. ONE ATOM

First we consider the one-dimensional Schrodinger equation
—y"(x) + q(x) y(x)=Ay(x), —0<Xx< 400 (1.1)

for a real potential g(x) that

+ 00
j lgldv<o  and  lim Tj lgldx=0  (12)
x| =T

— T— 4w

The spectrum ¢,(g) = R' of this atom consists of a finite number® of
negative energy levels and the half-axis [0, +00). Let 4,<0 be an eigen-
value and let 6(x) be a solution of Eq.(1.1) with A=4, such that
[f20*dx=1, ie, 0 is a normalized eigenfunction. Let ¢(x) be another
solution of Eq. (1.1) with A=/, such that the Wronskian 8¢’ —0'¢p=1;
then for some constants Cy ,>0 and C, #0 we have

10(x)] < Cge <1, |q0(x)|<Cq,ek'x', —ww<x< +oo  (L.3)
C,= lim O0(x)e*™=TF lim 6(x)e ™k (1.4)
T x> o x— +oo
(2C,)"'=+ lim keo(x)e *™= lLim ¢'(x)e ™ (1.5)
- x— Foo x— +oo

Here k= (—4y)"*
For later use we ill need the following combination of two functions f(x)
and g(x):
def

[/, g1(x) = f(x) g'(—=x)—f'(x) g(—x) (1.6)

Then for the solutions 6 and ¢ of (1.1) using (1.4)}-(1.5) we will establish
the following asymptotic formulas (]x| = +00):

a(x) =L, 91(x)=(2C,. C_k) ' e*™[1+0(1)] (L7)

b(x)= [0, ¢](x)=0(1) (1.8)
e(x)=[6, 0](x)=2C, C_ke=*™[1+0(1)] (1.9)
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2. INFINITE CHAIN OF ATOMS

For some T>0, using the potential g(x), we consider the periodic
potential g(x, T') [in shortened form, g(x) or §] with period 2T defined by

G(x, T) = +zm q(x+2Tn) (2.1)

n= —o0

We now consider the Schrodinger equation
—y"(x)+§(x, T) y(x)=Ap(x), —0<x< 40 (2.2)

The spectrum o (T, g)= R' of this chain consists of intervals (allowed
energy bands) a finite number of which belong to the half-axis (— o0, 0)
(ref. 7, p. 290). Pavlov and Smirnov® have proved that if xg(x)e L'(R"),
then there is an allowed energy band which lies near the eigen-
value A,= —k? (k>0) of the potential ¢g(x) and its width A(k, T) is of
order ¢ 27 when T— +oo. It was found Kirsch etal® that if
g(x) e*™ e LY(R'), then
Tlirn Ak, T) e*™ = 8k[|dt ~'(ik)/dz|] !
— oo

Here #(z) is the transmission coefficient for the operator 1= —d?/dx*+¢q
and —a?<inf(spectrum 1). In this paper we shall prove the following
asymptotic formulas for the nearest band. There is a constant ¢ such that
for every 7> ¢ and for every de [ —2, 2] the number A{d, T) which is given
by

T
2d, T)=10+j (G—q)0*dx —2dkC,C_e T 4e(d, T)  (23)
-7
belongs to the nearest band. Here e(d, T} is a “small” function. If d= +2,
we obtain the limits of this band and

lim Ak, T)e*™ =8k |C.C_|

T— 4+

Remark. It would be interesting to find the direct proof of the
identity [|d:~*(ik)/dz| 1 '=|C, C_|.

3. THE BAND STRUCTURE EQUATION

To find the spectrum o, we first need two linearly independent sotu-
tions @(x) and 9(x) of Eq. (2.2) with Wronskian 8¢’ —8'¢ = 1. If we put

F(2, T)=[8, ¢ U(T)+ 8, $1(~T) (3.1)

822/59/3-4-9
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then (ref. 4, p. 64)
0T, q)={1eR" |F(A, T) <2} (3.2)
Therefore the band limits are defined by
F(A, T)= +2 (3.3)

We shall consider (3.3) only near .

4. CONSTRUCTION OF  AND &

We construct @(x) and B(x) using the method of variation of
constants. Putting x =1 — 4,,

v(x, T)=q(x, T) — q(x), wx, k, T)=v(x, T)—k (4.1)
we can write the Schrodinger equation (2.2) as
=y '+ (g—Ao) y=—wg (4.2)

(a) The functions ¢ and 6 are solutions of (4.2), with the right-hand
side being zero. Therefore we put

¢(x)=a(x)[e(x)+ y(x) 0(x)] (4.3)
Here a(x) and y(x) are such that «(0)=1, y(0)=0, and
o' (x)(x) + [alx)y(x)] 8(x) =0 (4.4)

As a consequence of (44), we have @(0)=¢(0), @#'(0)=¢'(0), and the
function @(x) will be the solution of (4.2) if and only if the functions a(x)
and y(x) are the solutions of the following system of nonlinear differential
equations:

o =awd(e + y0), a(0)=1

7' =—wlp+70)%,  y(0)=0

Here we have used (4.4) and the identity 8¢’ — 8¢ = 1.
The system (4.5) is equivalent to the system of nonlinear Volterra
integral equations

(4.5)

o(x)=exp f: wl(o +768) d
(4.6)

100 = = o +70) de
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As will be shown later, in fact we have to find only y(x) and then to
calculate a(x).

(b) Furthermore, we shall need to construct the solution 8(x) of
(4.2) such that the Wronskian 8¢’ —0'¢ = 1. In order to do so, we put
B(x)=a *(x) O(x) + o, (x) p(x) with (a"'YO+2,¢=0 and a,(0)=0.
Thus 8'=a " '0'+«,¢’ and the Wronskian relation 87’ —#'¢ =1 holds
since B(x) @'(x)—0'(x) $(x)=a(x). The function &(x) will be a solution of
(4.2) if and only if

al(x)=jx w022 dt 4.7)

0

Indeed, 8(x) is the solution of (1.1} with 1= 1, and &(x) is that of (4.2).
Therefore, substituting # into (4.2), we get the system
(Y O0+ai@d=0
‘ (4.8)
(@71 0 + o, ' = whla, a,(0)=0

and since 0¢" — 6'¢ = «, this yields (4.7).
For later use we remark that the functions «, y, and %, depend on x,
k, T, and o= —k°

5. THE PRINCIPAL EQUATION

Now inserting § and @ into (3.1) and using the abbreviations
(1.7)-(1.9), we obtain

Fx~k, Ty=[a(T) — oy (— D o T) a( — T){a(T)
WY WT) =y(=T)b(=T)+9(T) y(—T) «(T) }
+{o(Ty o = T)/a(T) + c(T) (= T) oo — T)/o(T)
+o(=TTHou{—=T)+ (=TI A TY/a( —T)}  (5.1)
Let
G=a_a (a+y, b, +y_b_+y,7_¢c) (5.2)
H=b_+y_c)oa Jo, —((b_+vy,cyo,fo_ {5.3)

with o, =o(£T), y.=9(£T), a=a(T), b, = tb(+T), and c=c(T).
The functions H and G depend on x, T, and k. So from (5.1) we find

T
Flx — k2, T):Gj (v—K) %0 2dx+ H (5.4)
T
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Hence for every de[—2,2] the band structure equation F=d can be
rewritten in the form

K=U_TTu92a2dx+(H—d)/G]<j; 92a‘2dx)‘1 (5.5)

For the sake of simplicity, we write (5.5) as

K= (k)

Thus, we have established the principal equation for x. We remark
that the function f depends also on d, T, and k. As will be shown later,
x—1, H-0, G™'=2kC,C_[1+0(1)] exp(—2kT) when T— +oo and
K — 0. Therefore it is clear that the asymptotic formula (2.3) should be
valid. Equation (5.1) was found by the author and L. K. Lapshin.

6. ESTIMATES OF THE FUNCTIONS y(x) AND a(x)
Let

»T) =j \q| dx + exp(—2kT) (6.1)

x| =T

It follows from (1.2) and (4.1) that

p(T)=jTT|v|dx+e‘2kT and  lim Tp(T)=0  (62)

— T— +wx

Using the function p(T), we shall get the required estimates.
To formulate the problem precisely, we make the following assump-
tion concerning x: For some positive constant C, and for every T

Ikl < Cy p(T) (6.3)

According to (4.6), we will need to study the nonlinar Volterra equation
v(X)=J0 L — (&) 1Lp(E) +7(&) B(2)]* dE (6.4)

The solution of this equation behaves asymptotically for |x|>»1 as
exp(2k [x|).
Therefore we introduce the new function

Z(x) = y(x) exp(—2k |x]) (65)
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which satisfies the equation

Z(x)=| 90— o) 1[00(E) + Z() 0(E) 12 (66)

0

with @(x) = @(x)exp(—k {x|), and 6,(x)=6(x)exp(k |x|). The function
Z(x) will therefore be a bounded function on [~7, T'] uniformly with
respect to 7.

For the proof we shall use the principle of contractive mappings on
the space of continuous functions C[ — 7, T} with the norm

Izl = max |Z(x)| (6.7)

[-T.

Let A be an operator on the right-hand side of (6.6), i.e.,

AZ(x) = f " U~ D (e _y) (g + Z6,)° dE (6.8)

0
The operator A maps the closed unit ball
B(I={ZeC[-T,T]: |Z| <1}
into itself for sufficiently small 7! and «. Indeed, the estimates (1.3) give
18o(x) < Cy, loo(x)| < C,, —w0<x< +w (6.9)

Hence if Ze B, and xe [ —T, T, we obtain

Az < ([ e 2iel [T e ar) €, 4 6

:[J“x: | |U| df—i— |K| (1 —ekal)/k:l (C¢ + Cg)z (610)

By the assumption (6.3)
IAZ|| < (1 + C/k)(C, + Co)? p(T) (6.11)
Therefore, by (6.2), there is T, > 0 such that for every T> T,
14z <1 (6.12)
if ZeB,.

On the other hand, 4 is a contractive operator on B,. To see this, let
Z,, Z,e B,. Then, as above,

IAZ) ~AZ5| <21 + Cfk) Co(Cy+ C) p(T) 1 Z, = Z,||  (6.13)
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Hence we may set T, such that for every T> T
l4Z,— AZ,| <1 Z, - Z,\/2 (6.14)

if Z,,Z,eB,.
Finally, if T, is such that

(D) S[41+C/k)C,+ Co)* 1! (6.15)

then we have both (6.12) and (6.14) on B;. Hence, for every T'> T, and for
every ke [ — C, p(T), C, p(T)] there exists one and only one solution Z(x)
of (6.6) on the interval |x| < T satisfying the condition |Z| < 1. Hence, if
xe[—1T,T], then

() <1 ZI| e = | 4Z)| 1 < C, p(T) (6.16)

with C,= (14 C,/k)(C,+ Cy)*.

For later use we will need an estimate of the derivative dy/0x of the
function y with respect to the parameter x. Since 0y/0kx = 0Z/0k exp(2k |x|),
putting u = 0Z/0k, we shall consider the identity

u(x) =JX U~ X 4 76,12 dE
4]
+2 f K8 =150 e _ ) (g + Z80) Oou dE (6.17)
0
For the sake of simplicity, we write (6.17) as
u(x)= g(x)+ Vu(x) (6.17")
Since || g]l < (C, + Cy)*/k and since the inequality
IV <21+ C,/k) Co(C,+ Cq) p(T) < 1/2 (6.18)

holds by (6.15), we can find U(x) from (6.17) by using the Neumann series
for the solution of the linear integral equation. Therefore

lul < (1 —1VI) " lgll<2 gl <2C,+ Co)lk
Hence

dy
F (x)

< Cje i

with C,=2(C, + C,)*/k. Accordingly, we have the following results.
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Lemma 6.1. Let C, be a positive constant. There exists a positive
number T, such that for every T>T, and for every ke[ —C, p(T),
C, p(T)] there is one and only one solution y(x) of Eq. (6.4) such that on
the interval [x{< T

[7(x)] < C, p(T) exp(2k |x}) (6.16')
[0y(x)/ox| < C} exp(2k |x|) (6.19)
with the constants C, = (1+ C,/k)(C, + Cy)? and C,=2(C,+ Cp)*/k.

Note that we may choose T, such that for every T2> T

f lq| dx—f—e”zkrs[4(1+CK/k)(C¢+Cg)2]’l (6.20)
Ix|=T

Hence one can solve (6.4) by the method of successive approximations.
Hence from (4.6) we obtain

Ina(x)= | [o(O) = k] HOPE) +2(O) 0O e (621)

We will need estimates of the function In «(x) and its derivative & In «/0k.

Lemma 6.2. Let C,, C,, and C/, be positive constants such that
C¢,>C.CyC, and C,>C,C,. Let T, be a positive number as in
Lemma 6.1. There exists a number 7,>7T, such that for every
ke[ —-C,.p(I), C, p(T)} we have the estimates

Ina|<C,Tp(T) and  [8lna/dx|<C,T (6.22)

Proof. The proof is identical to the one for Lemma 6.1. Let T2 Ty.
y (1.3), (6.3), and (6.16"), we have

Mnan<(jT

[Cgp + CyCGP(T)] < Tp(T)(T*l + CK) CG[Cw+ CVCGP(T)]

Jv] dx + |k| T> Cy

Hence there is 7, > T, such that
C.CyC, < (T '+C,)CylC,+C,Cop(T)]<C,

and [lna| <C,T,(T)as T>T,.
Similarly, by (6.19) and the definition (6.21), we have

”(ﬂna f 00 + 16) dé” HJ (0—x) 922

\

SCe[C,+ C,Cop(D]T+(T '+ C ) C3C,Tp(N)<C, T
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when T, is such that for every T> T,
CoC,<Co[C,+ C,Cop(T1+ (T +C,) C5C, p(T)< C,,

Remark. We can set, for instance, C,=C,CoC,+1 and
C,=CyC, +1.

7. ESTIMATES OF THE FUNCTIONS H# AND G

It should be noted first that the functions G(x) and H(x) depend
on T.

Lemma 7.1. Let C,, C, be positive constants and C,>2k [C C_|.
Let T, be as in Lemma 6.2. There is a positive number T, > T, such that
for every T>= T, we have

|G(x, T)| > C; ' exp(2kT) (7.1)
as |k| < C, p(T). Furthermore, if T tends to the infinity, then
1/G(x, T)=2kC C_[1+o0(1)] exp(—2kT) (7.2)

uniformly with respect to xe [ —C,. p(T), C,. p(T)].

Proof. By (5.2), using the estimates (1.7)-(1.9), (6.16’), and (6.22),
we obtain

G, T 2 [(2k 1€, C_) ™" —&(T) = 2C, p(T) &x(T)
—C32k|C,C | p(T) es(T)] exp[2kT—2C, Tp(T)]

with 0<¢;(T)=0(1) as T— +oco. This inequality yields (7.1). Finally,
combining (5.2) and (1.7) as above, we obtain (7.2). QED

Lemma 7.2. The function H(x, T) is o(1) uniformly with respect to
ke[ —C.p(T), C,p(T)] as T — + 0.

Proof. By (5.3) and (1.8)—(1.9), we have
|H(x, T)| <2[e(T)+ C, p(T)] exp[2C, T,(T) ] = 0(1)

Lemma 7.3. Uniformly with respect to xe [ —C, p(T), C, p(T)],
we have

T —1
<j 92a2dx> —1+o0(1) (7.3)

as T —» +o0.
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Proof. By (6.22) and the normalization condition, we obtain
T

T
J 02 dx e‘emsf a2 dx < e
— 7T —-T

where &(7)=2C,T,(T) is a small function. Hence, the formula (7.3)
holds. QED

8. EXISTENCE PROOF FOR THE ENERGY BAND

Theorem 8.1. Let C, and d, be positive constants and
C,.>max(C}, 2k |C . C_| dy). There exists a positive number #, such that
for every T>1, and for every de [ —d,, dy], Eq. (5.5) has one and only
one solution such that k] < C, p(T).

Proof. The equation x =f(x) can be solved by the method of suc-
cessive approximations. First we will need to prove that if x| < C, p(T),
then

/() < C,.p(T) (8.1)

Indeed, using Lemmas 7.1-7.3, we obtain

()] <[65JTT o] dx[ 1+ o(1)] + (| H] +d0>/G] [1+0(1)]

T
- cgj ol dx 2K C.C| doe™ 40 p(T)]

<max(C3, 2k |C, C_| dy) p(T) + o[ p(T)]< C,cp(T)

where T is a sufficiently great number.
On the other hand, we shall prove that there is f, such that for every
T=1t, and |k| < C, p(T) we have the estimate

|f(r) <172 (8.2)
Putting f(k)=fi(x) f5(x) with fy(k)=(f", 0% *dx)~!, we obtain
fi=0(p(D)) and f,=1+0(1) as T— +o0. To estimate the derivates, we
shall use Lemmas 6.1 and 6.2. Hence H'(k)=o(T),

G'(x)=O[Texp(2kT)]
|10 <2C§C;TJT lv| dx + |H'/G| + (|H| + dy) |G'/G?|

=O[Tp(T)1+o[Te *T)+ O(Te~*Ty=O[Tp(T)] (8.3)
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and
|f2(x)] < 2f>(x) |10 In 2/0x || = O(T) (84)
as T — +oo. This gives
|f(e)l = OLT,(T)] (8.5)
Therefore there is a positive number f, such that for every T>¢, and
lk| € C, p(T) the estimate (8.2) is valid.

According to (8.1) and (8.2), Eq.(5.5) can now be solved by the
method of successive approximations. QED

Let dy =2, C>max(C}, 2k |C.C_|d,) and let x(d, T) (|d| <d,) be
the solution of Eq. (5.5) such that |k(d, T)| < Cp(T) for T large. We know
[Eq. (3.2)] that A(d, T)=2i,+k(d TYeo(T,q), if de[—2,2] and
Md, T) ¢ o (T, q) when |d| > 2. Therefore the interval {A(d, T): —2<d<2}
coincides with the energy band which lies near Z,.

9. ASYMPTOTIC FORMULAS FOR THE BAND
We shall now prove the asymptotic formulas for the band.

Theorem 9.1. Fix a function ¢(x) obeying (1.2) and let §(x, T) be
given by (2.1). Suppose that i, = —k? <0 and that 8(x)e L*(— o0, + ) is
a normalized solution of the Schrédinger equation

=" (x) 4+ q(x) y(x) = 4o y(x)

Let Cy, C, be given by (1.3), (14). If C>max(CZ,4k|C,.C_|) and
k(d, T} is a solution of Eq.(55) with de[—2,2] such that
[x(d, T)| < Cp(T) for T large, where p(T) is given by (6.1), then:

1. Ad, T)=2+x(d T)eo (T,q), de[—2,2]

2. A(+2, T) are the edges of the band

3. Md, T)=Ao+ [T [4(x, T)—q(x)] 0%(x) dx

—2kdC , C_ exp(—2Tk)+¢e(d, T) 9.1)

where &(d, T)=0[p(T)] uniformly with respect to de[—2,2] as
T— +00; and

4. lims_ . A2, TV —AM—2,T)| exp(2Tk}=8k |C, C_|

Proof. According to Theorem 8.1, there exists a constant ¢ such that
for every 7>t and for every de [ —2, 2], Eq. (5.5) has one and only one
solution k(d, T)e [ —Cp(T), Cp(T)] and by (3.1)-(3.3), A(d, T)e o (T, q)
iff de [ —2,2]. This implies parts 1 and 2 of the theorem.
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Inserting x(d, T) into (5.5), we obtain
w(d, T) = { J

+[H(d, T)—d]/G(d, T)}UT

-7

" Lt T — 4001 87(x) o 2(x, d, T) dx

0%(x) a=*(x, d, T) arx}_1 (9.2)

By Lemmas 7.1-7.3 we can rewrite (9.2) in the form

K(d, T)= {j: [d(x, 7) = 4(x)] 6%(x) dx[1+o(1)]

+[o(1)—=d]2kC_, C_[1+0(1)] exp(—ZTk)} [1+0(1)]

T
=f [G(x, T) —q(x)] 6*(x) dx —2dkC , C _ exp(—2Tk) + o[ p(T)]
-T
uniformly with respect to de[—2,2] as T— +co. Therefore we have
part 3. To prove part4, we shall consider the derivative 0x/dd. Since
k(d, T)=f(k(d, T), d),

ok _dfox of

3d~ o od ' od
Next, note that Jf/ox =O[Tp(T)] [see Eq. (8.5)] and by Lemmas 7.1, 7.3
that
of
7=
as T +oo. Thus, since Tp(T)=0(1), we have that dx/od= —2kC, C_

exp(—2Tk)[1 + o(1)] uniformly with respect to de [ —2, 2], which yields 4.
QED

—(Gfr Hzozzdx>41= —2kC, C_ exp(—2Tk)[1+o(1)]

10. THE DIRAC COMB

To illustrate the technique above, we shall consider the Dirac comb.
Let 6(x) be the Dirac function and g¢{x)= —2uad(x), «>0. Then the

negative eigenvalue if A,= —a® with normalized eigenfunction 0(x)=
\/& exp(—o |x|). Therefore f=a and by (9.1) we obtain
Hm  [A(=2, T)— (2, T)] exp(2aT) = 8a* (10.1)
T— 4w

where A(+2, T) are the limits of the negative allowed energy band of the
potential function §(x)= —2a> " * _ 8(x+ 2auT). In this case the negative

n= —oC

band is determined by the following equation (ref. 4, p. 65):
|k cosh 2kT — a sinh 2kT| < k (10.2)

It is easy to check that (10.2) yields (10.1) when k=a+o(1) as T — +o0.
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Finally, we remark that for every k < «? the functions ¢(x), #(x), «(x),

and y(x) are given on the interval |x|<T by ¢(x)=oa *?sinh ax,
$(x)=(B/a)~" sinh Bx,
a(x)= B~ (B cosh Bx + o sinh B |x}) exp(—a |x|) (10.3)
o sinh fx cosh ax — f sinh ax cosh fx
= 10.4
7 a?( B cosh Bx + a sinh B |x]) (104)

with f= (¢® —x)"2

Indeed, the function ¢ is a solution of (1.1) and Wronskian
fp' — @8’ =1, on the other hand, v{x)=0 and the function @(x) is a solu-
tion of (2.2) with A= —p?= —a’+x such that ¢(0)=¢(0)=0 and
@(0)=¢'(0)=a "2 Finally, we can find the functions a(x) and y(x) as
the solutions of the following system of equations:

oap +oayd =@

i

@ +oyd' =@
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